Pile foundations are widely used in geotechnical and offshore engineering. When subjected to a combination of horizontal, vertical forces and bending moments, a 3D failure envelope is necessary in order to evaluate the safety of the pile-soil system. We present a study on the failure envelope of a single elastic pile in sand. In order to find it in the three-dimensional space (i.e. horizontal force H, bending moment M and vertical force V), the radial displacement method and swipe tests are numerically performed. An analytical equation providing good agreement with the 3D numerical results is finally proposed.
INTRODUCTION
The failure envelope of a single elastic vertical pile in sand is numerically investigated via swipe tests and a large number of radial displacement controlled tests. The analytical equation proposed by Meyerhof [1] is validated and adopted in the H-V plane. For the H-M-V space however, a new 3D analytical failure envelope is introduced. The proposed failure envelope is useful for the development of new simplified modelling strategies for soil-structure interaction problems (e.g. macro-elements [2] ) that can be applied in design engineering offices [3] .
NUMERICAL MODEL

SOIL CONSTITUTIVE LAW
A hypoplastic constitutive law, similar to an elastic perfectly plastic Drucker-Prager model, is used to numerically reproduce the behaviour of a single pile in sand. The basic framework of the hypoplastic formulation is provided with the following equations (bold letters define hereafter tensors and vectors, the dot"˙" symbol is the derivative with respect to time and the norm of a tensor):Ṫ
whereṪ and D are the stress rate and stretching rate tensors. The stiffness matrix L depends on the bulk modulus K and the shear modulus in the elastic range G max and has the following form (the Lamé coefficient µ = G max according to Hooke's law):
The constitutive tensor N is defined following the approach proposed by Niemunis [4] :
where y(T) is a scalar function that controls the variation of the nonlinear term and m(T) defines the plastic flow direction. The scalar function 0 ≤ y(T) ≤ 1 is chosen as a function of the current stress q(T) = √ 3J 2 and a predefined limit stress σ y (T) as follows:
with n c is a constant that controls the isotropic evolution of y(T) and J 2 the second invariant of the deviatoric stress tensor. Assuming a dry sand and thus a zero cohesive strength (c = 0), k c = 0 and the yield function reads:
The plastic flow direction m(T) is defined according to the bounding surface model [5, 6, 7] and it is given by Eq. 6:
CALIBRATION AND VALIDATION OF THE SOIL CONSTITUTIVE LAW FOR FONTAINEBLEAU SAND
The soil constitutive law is calibrated and validated using experimental data on dry Fontainebleau sand. The homogeneous sand has a mid-particle diameter D 50 around 0.206 mm, a density, ρ s = 2.65 g/cm 3 and a minimum and maximum void ratio e min = 0.510 and e max = 0.882, respectively [8] . The main parameters of the soil model are summarized in Table. 1. 
FINITE ELEMENT MESH AND BOUNDARY CONDITIONS
A numerical model of a single vertical pile in soil is carried out using the finite element code ABAQUS standard [10] . The contact behavior between the pile and the soil is considered using a friction coefficient µ = tan(φ c ) = 0.65 related to the critical friction angle φ c = 33 • of the soil. Nodal displacements are fixed in the X, Y and Z directions at the base of the finite element mesh. The displacements at the other lateral boundaries are blocked in the normal directions (see Fig. 2 ). 
PARAMETERS OF THE FINITE ELEMENT MODEL
In the finite element model, the pile has a length of 13 m, a diameter of 0.72 m, a slenderness ratio of 18 and the pile head is considered on the ground surface level. Poulos and Davis [11] proposed a method to classify piles in different categories based on a flexibility factor. According to this method, the pile is classified as flexible.
3D NUMERICAL FAILURE ENVELOPE
In order to numerically reproduce the 3D failure envelope, the radial displacement test proposed by Gottardi et al. [12] is adopted. The sign conventions for the pile head loads (horizontal force, vertical force and bending moment) are presented in Fig. 3 . 
NUMERICAL FAILURE ENVELOPE IN THE H-V PLANE
To investigate the form of the failure surface in the H-V plane, free pile head conditions (M=0) are considered. A displacement is applied on the top of the pile head (that can rotate freely) in a certain direction δ. The angle of the displacement δ varies from 0 ∼ 360 • to scan the failure surface in all directions. The final strength is chosen as the point where numerical calculation diverges. By connecting the values at the ends of the different load paths the complete failure surface is thus obtained. Examples of load paths in the H-V plane from the numerical radial displacement tests are shown in Fig. 5(a) . Numerical swipe tests are also performed in H-V plane, Fig. 5(b) and for more complex loads in Fig. 5(c) . A large number (around 500) of numerical radial displacement tests are performed and the ultimate strength (or failure locus) of each test is plotted in Fig. 5(d) . 
NUMERICAL FAILURE ENVELOPE IN THE H-M PLANE
The failure envelope is hereafter investigated in the H-M plane and for different vertical loading levels. First, the pile is loaded until a certain vertical force. Then, radial displacement loadings are applied considering a constant ratio between the combined rotation-displacements increments. Similar to the H-V plane, load paths in the H-M plane start from the origin and stop at the failure envelope, see Fig. 6(a) . Results of the numerical radial displacement tests are provided in Fig. 6(b) . 
NUMERICAL FAILURE ENVELOPE IN THE H-M-V 3D SPACE
By combining the results in the H-V plane and in the H-M plane for different vertical load levels, the complete failure envelope is plotted in Fig. 7 . Figure 7 : Numerical failure envelope in the H-M-V 3D space, [9] From the numerical radial tests in Fig. 7 the horizontal bearing capacity (V=0 and M=0) is estimated at H 0 =5000 kN, the vertical compression bearing capacity (H=0 and M=0) V c0 =25000 kN, the vertical tension bearing capacity (H=0 and M=0) V t0 = 5100 kN and the ultimate bending resistance (H=0 and V=0) M 0 = 0.42×10 5 kN·m.
ANALYTICAL EQUATIONS
ANALYTICAL EQUATION FOR THE FAILURE ENVELOPE IN THE H-V PLANE
Meyerhof and Ranjan [1] proposed a semi-empirical formula to evaluate the interaction between the horizontal and vertical forces that reads:
where H 0 and V 0 are the horizontal and vertical bearing capacities of the pile. Eq. (7) can be written in a normalized form as follows:
where m = H/H 0 and υ = V /V c0 in compression or υ = V /V t0 in tension. m and υ are dimensionless quantities. The comparison of the semi-empirical Eq. (8) with the numerical results is shown in Fig. 8 (a) and (b). The agreement is satisfactory although some discrepancies are identified in the tension part (dash line). 
ANALYTICAL EQUATION FOR THE FAILURE ENVELOPE IN THE H-M-V 3D SPACE
As shown in section 3.2.2, the failure envelope in the H-M plane has an inclined elliptical shape. Inspired from the work of Gottardi et al. [12] , a similar equation is proposed hereafter for a single pile in sand:
where m = H/H 0 the normalized horizontal force, n = M/M 0 the normalized bending moment and υ = V /V c0 or υ = V /V t0 the normalized vertical force (dependent on the sign of the vertical load). α, ξ, β and ρ are constants that control the shape of the ellipse. The parameters are first fitted using the normalized numerical data in the H-M plane at zero vertical force. They are found equal to α = 1.0, ξ = 1.0, β = 1.5 and ρ = 1.0, Eq. (9) thus becomes:
The fitted curves are plotted in Fig. 9 The vertical load influences the size of the elliptical cross-sections but not their inclinations. In order to introduce this behaviour, it is proposed hereafter to link the parameter ρ in Eq. (9) and Eq. (10) with the vertical load as follows: f = 1.0m 2 + 1.0n 2 − 1.5mn − (1 − υ 2 ) = 0
The 3D failure envelope for a single vertical pile in sand defined by Eq. (11) is plotted in Fig. 10 together with all the numerical data points. 
CONCLUSIONS
This paper presents a numerical study on the 3D failure envelope of a single elastic pile in sand and analytical equations are proposed. The key parameters for the analytical equations are relatively easy to determine either experimentally or numerically making the above equations useful for engineering design offices. More details on this work can be found in [9] , [13] and [14] .
